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Abstract

Let P and Q be, respectively, hereditary and cohereditary properties defined on the subsets of
a finite set S. We first prove that several functions related to P and Q interpolate over some
families of subsets of S. By using this we then derive a number of interpolation results for
graphs, hypergraphs and matroids. (€ 1998 Elsevier Science B.V. All rights reserved

1. Introduction

Let # be a family of objects under consideration and ¢ : # — Z an integer-valued
function defined on #. If for any X, X' € # and integer £ with @(X)<k<o(X'),
there exists X" € # such that ¢(X"')=*%, then following [12] we say that ¢ interpo-
lates over & . Obviously, this is equivalent to saying that the image set (& ) consists
of consecutive integers. The study on interpolation seems to be initiated by the homo-
morphism interpolation theorem for graphs [10]. In 1980, Chartrand [4] asked whether
the number of pendant vertices interpolates over the family of spanning trees of a
connected graph. With the affirmative answer to this question a lot of interpolation
properties for some families of subgraphs of a given graph have been discovered in
recent years. The reader can consult, for example [11,12,17,18,21,22]. The purpose
of this paper is to extend the study on interpolation to some families of subsets of a
finite set. This point of view enables us to generalize a number of interpolation results
known for graphs to the cases of hypergraphs and matroids.
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2. An interpolation theorem for some functions related to hereditary and
cohereditary properties

Let S be a finite set and P a property associated with the subsets of S. When a
subset of S possesses the property P, call it a P-set, otherwise a P-set. P is hereditary
[6,13] if the subsets of any P-set are also P-sets. Dually, a property O associated
with the subsets of § is said to be cohereditary [6] if each superset of any Q-set is a
QO-set. In this section we will always use P and Q to denote, respectively, a hereditary
property and a cobereditary property. For X C S, a partition {X1, ..., X;} of X is called
a P-partition [6] (respectively QO-partition) of order ¢ if each X; is a P-set (respectively
QO-set). It is clear that X has a P-partition if and only if {x} is a P-set for each x € X,
or, equivalently, the P-sets contained in X cover X. In the following we always assume
this is true. We also make the reasonable assumption that the empty set is a P-set.
Thus any X C § has a P-partition. We define the P-chromatic number of X, denoted by
2p(X), to be the minimum order of a P-partition of X. As we will see later, this is a
natural generalization of both conditional chromatic number and conditional chromatic
index of a graph defined in [9]. Dually we call

max{#: X has a Q-partition of order ¢}, if X is a Q-set,
xo(X)= :
0, otherwise,

the Q-cochromatic number of X.

Two other invariants related to hereditary property P were introduced in [13,3].
Denote by fp(X) the maximum cardinality of a P-set contained in X, and ap(X) the
minimum cardinality of a subset of X which has non-empty intersection with every
P-set contained in X. It was proved [3] that ap(X) + Bp(X)=|X|, which generalizes
the classical equalities due to Gallai [7] and Hedetniemi [13].

Let ¢ be an integer-valued function defined on the subsets of S. If p(X)— 1< (X —
{x})<@(X) for any X and each x € X, then we call ¢ a positive function, as used in
[12] for graphical invariants. Similarly, if (X)<@X — {x})<o(X)+ 1, we call ¢ a
negative function. For two subsets X, X’ of §, if X' =X - {x} for an element x € X or
X =X"—{x'} for an element x’ € X', then we call X — X' a single element deletion
or addition transformation (EDA). If X' = (X — {x})U{x'} for some x€X — X’ and
x' €X' — X, then we call X — X' a single element transformation (SET). A family &
of subsets of S is said to be EDA-SET connectable if, for any X, X' € &, there exists
a sequence X =X, X|,...,X, =X’ with all terms in % and each X; — X;., is either an
EDA or a SET, 0<i<n — 1. The idea of the following simple but useful proposition
was repeatedly used by many authors [11,12,17,18,21,22].

Proposition 1. Suppose # is EDA-SET connectable and N[X]={X}U{X' € %
X - X' is an EDA or a SET}. If ¢ interpolates over N[X] for each X € #, then
¢ interpolates over F. In particular, any positive or negative function interpolates
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over #






