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Exponential Distrib utions

A random variable X is distributed according to an exponential
distribution with parameter if, for X O,

P(X XxX)=FXxX)=1 e *:

Mean E[X] = L variance V[X] = 2

Memoryless property

ForxX;y Q,

P(X>x+y]X>y) = P(X > X)
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Exponential Density Function

Forx>0 f(x) = FY{x) = e *.

Exponential Density Function
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Contin uous-time Markov Chalin
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State 1 State <

state O (absorbing)
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Contin uous-time Markov Chalin

State space S = f0; 1; 2; 39

Initial state probability distribution
: = 1 3 1
(o5 ) 0 5 % 5

In nitesimal generator (transition rate matrix)
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Phase-type Distrib utions

Consider a continuous-time Markov chain with

initial distribution ( o; )

In nitesimal generator

The distribution of the absorption time X is said to be a phase-type

(PH) distribution with a representation ( ; T ) of order p.

Neuts (1975, 1981)
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Analytical Characteristics

Distribution function

A 0; X =
F(x) =,
-1 exp(Tx)e; x>0
Density function
f(x) = exp(Tx)t; x>0

Laplace-Stieltjes transform

()= (1 T)MM+ o <()> ; >0
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Generaliz ed Erlang Distrib ution

wlog 1 2 L D
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Generaliz ed Erlang Distrib ution
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Generaliz ed Erlang Distrib ution
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Hyper-exponential Distrib ution

a, A,  aeees a,

wlog 1< 2< i<
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Hyper-exponential Distrib ution
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Hyper-exponential Distrib ution

3-phase Hyper-exponential, a = (0.5, 0.1, 0.4),|1 =(0.1, 1, 10)
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Coxian Distrib ution

wlog 1 2 - D
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Coxian Distrib ution
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Coxian Distrib ution

4-phase Coxian, a =(0.1,0.8,0,0.1),| =(1, 2, 3, 4)

0.7
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Why Use Phase-type Distrib utions?

PH distributions are useful because they

X are very versatile.

X are dense in the class of distributions de ned on the

nonnegative real numbers.

X preserve the underlying Markov structure of stochastic models.

X are algorithmically tractable.
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Areas of Application

PH distributions have been used In

telecommunications.
teletraf c modelling.
gueueing theory.
reliability theory.
biostatistics.

etc ...
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Problems

General phase-type representations are considerably

overparameterized.
General PH - p2 + p parameters (2P required)

Coxian - 2|0 parameters

Phase-type densities are positive on the positive real numbers.

Phase-type distributions with “simple” expressions for the
Laplace-Stietljes transform or distribution function may have

representations of high order.
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Matrix-e xponential Distrib ution

A matrix-exponential (ME) distribution has a distribution function of

the form
3
= 0; X =

F(X) = 1
- 1+ exp(Sx)S s; x>0

There are no restrictions on ( 'S S) other than it correspond to a

distribution.

Lipsky and Ramaswami (1985)
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Analytical Characteristics

Density function

f(x) = exp(Sx)s; X > 0:

Laplace-Stieltjes transform

()= (1 S)‘'s+ o <()>

PH distributions are a special case with

= S =T s = Te
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Why Use Matrix-e xponential Distrib utions?

ME distributions

X are versatile, dense, and algorithmically tractable.

X do not have representations that are overparameterized. (2|0

parameters will do).
X have densities that may be zero on the positive real numbers.

X with “simple” expressions for the Laplace-Stietljes transform or

distribution function have representations of low order.

do not have a simple probabilistic interpretation.
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Areas of Application

ME distributions have been used in
gueueing theory.
telecommunications.
control theory.

iInsurance risk.

etc ...

Usage not as widespread as for PH distributions.
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Rational Laplace Transform

Matrix-e xponential distributions are equivalent to distributions with

rational Laplace transform,

o P lrinita vy

()= p+bpp1+:::+b2 +b_L:

Cox (1955), Lipsky and Ramaswami (1985)
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Problem

Given a rational Laplace transform

1 when does it correspond to a ME distribution?

2 If it does correspond to a ME distribution, what is a

representation for it?
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ME Representation Theorem

Asmussen and Bladt (1996)

If the Laplace transform

dp Pl ey > +

()= P+, Pl+:iii+lp + by

corresponds to a ME distribution it has a representation ( ;S S),

where . ..
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ME Characterization Theorem

A rational Laplace transform/pair ( ; S) corresponds to a ME

distribution if and only if
1 the pole/eigenvalue of maximal real part is real and negative,
2 a; = by, and

3f(X) = exp(Sx)ep 0, forallx O.
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Condition 3

Write
f(x) = exp(Sx)ep

In the form

f(x) = aif1(x) + axf2(x) + 111+ apf p(X)

where, forl = 1;2;:::p,

fi(x) = e’exp(Sx)ep:
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Condition 3

Given a suitable S, de ne

\
s foibfa(x) + azfa(x)+ i+ apfp(x)  0Og
X 0

Each constraint is linear!

2 s () ft((), (),or( ;S) correspondstoa
ME distribution
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Example

Two Laplace transforms with poles 1, 2; 3.

2%+6 +6

()= 3+ 62+ 11 + 6 P(6:2)
3%+ +6

()= Q(1;3)

3+ 62+ 11 +6
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Example

|
10
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Problems

1. When does ( ; S) correspond to a ME distribution?

2. How can a ME distribution be tted to an i.l.d. data set
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|denti cation

Check S

Minimize the convex function

Qs():k k2

overall 2 ¢

A semi-in nite programming problem
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Maximum Likelihood Estimation

Select an initial S

Maximize the (convex) loglikelihood function

X0
Ls( ) = log( exp(Sx;)ep)

i=1
overall 2 ¢

(semi-in nite programming)

Alter S in some manner (eg. Nelder-Mead, simulated

annealing)

Repeat until convergence
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Shifted Uniform Density

Shifted Uniform Density
T T

! ! ! !
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Data Fitting/Density Appr oximation

Approximate the shifted uniform density with a ME distribution of

order v e whose generator S has eigenvalues such that

1 all ve are real.

2 three are real and two form a complex conjugate pair.

3 one is real and four form two complex conjugate pairs.
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Results

approx eigenvalues loglikelihood
1 1:192 2771, 2844, 3.05Z2 3.676 57.276
2 0:315 1.625 2:591, 1:287 2770 40:.022
3 1:201, 1:244 3:.60Q0; 1:.929 2:067 34:949
PH-5 3:333 3333 3333 3:333 3333 61:300
PH-10 6:667 ( 10) 35:396
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Density Appr oximations

Shifted Uniform Density and Density Approximations

0.9 green - fit 1
black - fit 2
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Density Appr oximations

Shifted Uniform Density and Density Approximations
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Future Work

Further investigate the ME characterization problem

Improve the ME maximum likelihood estimation algorithm

Investigate the properties of the ME estimators

Explore the representation/characterization problem for PH

distributions
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