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Semidefinite Programming

(PSDP) min (C, X
S. t. X =a
X 0

where

e (. X €S, aeR™
e :S5, — IR™ linear operator
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Linear Transformation

.S, — IR
defined by{4, €S, i=1,...,m}
s.t. (AX), = {4, X)

? adjoint
R — S,
(AX,w) = (X, A'w) VX €S8y, Vwe R

m
= w= ) wj
i=1
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?duality

for PSDP

(X, w) =(C, X))+ {(a — AX,w)

¢ PSDP < min max £(X, w)
X0 w

e Minimax inequality:

min max (X, w) > max min £(X,w)
X0 w w  X>0



e rewrite

e NOte

min
X>0

(Xvw) {

(a,w) if C —

— 00 otherwise



e rewrite :

e NOte

min

i (ij){ (a,w) if C— A (w) =0

— 00 otherwise

e dual of PSDP

(DSDP) (@, w)
s.t. C—A*"(w)=2
Z 0
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AX =a primal feasibility
Z + A*(w) = C dual feasibility

ZX =0 complementarity slackness

whereX, Z € S,, andw € IR™

e provide the basis for:

primal simplex meth(’)d, dual simplex method
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A) ... largest eigenvaluef A € S,

Consider
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Quadratic Optimization Problem

fo()
s.t. fi(x) 0, i=1,....m

where

file) =2l Az + 20Tz +¢;, i=0,1,...,m

SDP model?
AO bO Al bl Am
S.T —|—’7'1 .. —I—Tm
bg Co— b? C1 b%
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Combinatorial Optimization

e Max—Cut Problem
e k—Equipartition Problem
e Quadratic Assignment Problem

e Quadratic Knapsack Problem
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applications of MC:
statistical physic, network design, VLSI, ...

techniques used for general MC:

e heuristic
e Integer programming (branch—and—-bound)
e approximation algorithms



SDP Relaxation of MC

Zme =max {1 Li: o e{-1,1}"}



SDP Relaxation of MC
Zme =max {1 Li:re{-1,1}"}

use: Lx =tr L(xx")



SDP Relaxation of MC
Zme =max {1 Li:re{-1,1}"}

use: Lx =tr L(xx")

replace: =



SDP Relaxation of MC
Zme =max {1 Li:re{-1,1}"}

use: Lx =tr L(xx")

replace: =

note: e {-1,1}" ~» 1 =0, diag() ) =e



SDP Relaxation of MC

use: Lx =tr L(xzx")

replace: =

note: e{—1,1}" ~ 1 =0, diag(’ ) =e

Zmc—basic = { (L ) : diag( ) — €, = O}



SDP Relaxation of MC

use: Lx =tr L(xzx")

replace: =

note: c{-1,1}" ~ 1 =0, diag() ) =e

“mec—basic — { (L ) : diag( ) — €, - O}

Goemang: Williamson ('94) proved:
Ze_basic NAS error ok 13.82%



? can it be improved



strengthenet:,,,._pgsic ~ Y € .= triangle inequalities

Yij + Yik T Yj = —1
Yij — Yik — Yje = —1
—Yij + Yik — Yjp = —1
—Yij —Yik Ty = —1, Vi<jg <k



strengthenet:,,,._pgsic ~ Y € .= triangle inequalities

Yij + Yik T Yj = —1
Yij — Yik — Yje = —1
—Yij + Yik — Yjp = —1
—Yij —VYik T Y = —1, Vi<j<k
= max{tr(LY) : diag(Y)=e, Y =0, }

° IS SDP with n + 4
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Modelling O—1 Variables

B:={x:x€{0,1}"} ... setofbinary, vectors

use:) € S,, where

Il
5, 8
=
I =
&
.
N
S,

:Ly;xj Z O, 1’7;(1 — :Ej) Z O, (1 — xz)(l — :Ej) Z 0

> 0, >y, L4y, 20+



| further strengthening

oY >0




oY » 0
o Y — diag(Y)diag(Y)! =0 ... nonlineariny

< A(Y) + Epy1 = 0 where

Y diag(Y)

AY) = ( diag(")T 0

T
> and E,11 =€, 16n+1
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e representing quad. constr:’ D < f
as lin. ineq. tr(DY) < f

e modeling lin. ineq.al + —b; <0
diag. repr. itr(Diag(a;))") < b;
OR
squared repr. (al 1)? < b?
that is: tr(aiaiT ) < b?
OR
extended squared repr(al )? < b;(al 1)
thatis: tr(a;al — b;Diag(a;), ) <0



OR




e multiply alv —b; <0 by

(ai )

define

NOowW

_bz'

tr(

1/ T )

.= Diag(a;)

Y) <0,

<0, (a;7)

1

2

tr(

and

— b; <0

T

1

T

) — bq;ejej

ol Al N
(aie; + eja; ) + bieje;

Y) —b; <0



...and much, much more ...




Algorithmic Approaches

e Interior Point Methods

e Spectral Bundle Method
e Bundle Methods

e Low Rank Factorization

e Solving Semidefinite Programs via Nonlinear Programming
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Softwares

e SeDuMi

e SDPA, (SDPARA — parallel version)
e SDPT3

e SCDP

e PENNON

e solving optim. problems via internei
check: http://www-neos.mes.anl.gov/



Books

e M. Laurent ano
Semidefinite Programming and Integer Programming
A preliminary version: Report PNA-R0210, CWI,
Amsterdam, 2002.

e E. de Klerk.
Aspects of Semidefinite Programming: Interior Point
Algorithms and Selected Applications.
Applied Optimization Series, Volume 65. Kluwer, 2002.

e H. Wolkowicz, R. Saigal, and L. Vandenberghe (editors).
Handbook on Semidefinite Programmikduwer, 2000.
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?? TIRED

?1 You want more informations

)

check SDP page
(with links to papers and software downloads)
http://www-user.tu-chemnitz.de/ helmberg/semidef.html
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Problems Involving Moments

o if z1,...,x9, aremoment®f some distribution, then

H(zo,...,%00) = | B 0




e find distribution with variance and; < z; < u;

max

S.t. (xgy xl)i@
Il 1
ligmigui, i:1,...,2m

H(l,ml,...,l'zn) EO
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